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INTRODUCTION
This paper is about Steinberg unitary Lie algebras, skew-dihedral ho-
mology, and their relationship to one another. Steinberg unitary Lie
w xalgebras, first introduced by Allison and Faulkner AF , are a generaliza-
 w x w x.tion of Steinberg Lie algebras see KL and F . More precisely, let k be a
field and R an associative k-algebra with identity, equipped with an
 . yanti -involution . For n G 3, the elementary unitary Lie algebra
 .  . eu R, y, g is the subalgebra of gl R the n by n matrix Lie algebran n
y1.  .  .over k with coefficients in R generated by e a y g g e a for 1 F ii j i j ji
/ j F n, a g R, where e is the standard matrix unit and g is an n-tuplei j
 . =  .of scalars g , . . . , g , g g k , 1 F i F n. The elements e a y1 n i i j
y1  .g g e a satisfy certain canonical relations. The Steinberg unitary Liei j ji
 .  .algebra stu R, y, g is defined by generators corresponding to e a yn i j
y1  .g g e a and those same canonical relations. So one has a Lie algebrai j ji
 .  .homomorphism f from stu R, y, g to eu R, y, g . It is known thatn n
the above homomorphism f yields a central extension. There thus arise
two natural questions: what is the kernel of the homomorphism f, and
when is f the universal central extension? We will show that the kernel of
f can be identified with the first skew-dihedral homology group of the
w xalgebra R. Skew-dihedral homology was developed by Loday L1 and
w xindependently by Krasauskas et al. KLS . The determination of the kernel
of f provides a better picture of the structure of Steinberg unitary Lie
algebras. In most cases, the homomorphism f is universal. We will also
give some sufficient conditions for the homomorphism f to be the
universal central extension. The conditions are not too restrictive as they
allow several interesting consequences. For instance, we recover some
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w x w xremarkable results of Bloch Bl and Kassel and Loday KL as special
cases.
When R is commutative, the elementary unitary Lie algebra
 .  .  .eu R, y, g can be regarded as a subalgebra of sl k m R, where sl kn n n
is the split simple Lie algebra of type A . Motivated by this, we defineny1
an analogue of the elementary unitary Lie algebra of other types. Let g be˙
a finite-dimensional split simple Lie algebra and R an associative commu-
tative k-algebra with identity, equipped with an involution y. Using the
 .Chevalley basis of g , one can define an analogue of eu R, y, g as a˙ n
 .subalgebra of g m R and denote it by eu g; R, y, m , then define˙ ˙
 .  .stu g; R, y, m as an analogue of stu R, y, g . There is similarly a˙ n
 .  .homomorphism f from stu g; R, y, m to eu g; R, y, m . The kernel of˙ ˙
f is isomorphic to the first skew-dihedral homology group of R. However,
 .  .eu g; R, y, m and stu g; R, y, m are not necessarily perfect. We will˙ ˙
 .work out the first homology group of the Lie algebra eu g; R, y, m and˙
thereby determine when this Lie algebra is perfect. In the case that
 .eu g; R, y, m is perfect we carry out when f yields the universal central˙
extension.
One reason for studying Steinberg unitary Lie algebras and their ana-
logues of other types is to understand the compact forms of certain
 w x. w xintersection matrix algebras of Slodowy see BM . Indeed, in G3 those
compact forms are identified with some Steinberg unitary Lie algebras and
their analogues of other types.
The organization of this paper is the following. In Section 1, we will
review some facts about various homology theories related to associative
algebras and the homology of Lie algebras. Then in Section 2 we study the
elementary unitary Lie algebras and Steinberg unitary Lie algebras. The
kernel of f is determined and some sufficient conditions are given so that
 .the Steinberg unitary Lie algebra stu R, y, g is centrally closed.n
Finally, in Section 3, we will develop an analogue of elementary unitary
Lie algebras and Steinberg unitary Lie algebras of other types. We derive
 .the first homology group of the Lie algebras eu g; R, y, m and˙
 .stu g; R, y, m and see that the case of type C is singled out.˙
This paper is a part of my Ph.D. thesis at the University of Saskatchewan.
I am grateful to my supervisor, Professor Stephen Berman, for his con-
stantly stimulating advice and patient guidance. Also, I thank Professor
Bruce Allison for his helpful suggestions and for his interest in my work.
1. SKEW-DIHEDRAL HOMOLOGY
Let k be a field; we always assume that the characteristic of k is not 2.
Let R be an associative k-algebra with identity 1. Consider the tensor
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product spaces,
Rmnq1. s R m R m ??? m R ,k k^ ` _
n q 1
one than has the Hochschild boundary
d : Rmnq1. ª Rmnn
defined by
d a m a m ??? m a .n 0 1 n
ny1
is y1 a m ??? m a a m ??? m a . 0 i iq1 n /
is0
nq y1 a a m a m ??? m a , . n 0 1 ny1
and knows that d2 s 0 where Rm0 s k and d s 0. The complex0
 m)q1. .  .R , d gives the so-called Hochschild homology H# R of the asso-
ciative algebra R.
 < nq1 :Let z s t t s 1 be the cyclic group and define an action ofnq1 nq1 nq1
z on Rmnq1. by settingnq1
n
t a m a m ??? m a s y1 a m a m a m ??? m a . 1.1 .  .  .nq1 0 1 n n 0 1 ny1
 .  mnq1..Denote C R to be the coinvariants of R , that is, a quotient ofn z nq 1
Rmnq1. which makes the action of t trivial. One can see that t d snq1 n n
 .  .d t , and thus d , induces a map from C R to C R , which we stilln nq1 n n ny1
  . .  .denote by d . Then the complex C# R , d gives the Connes cyclicn
 .  w x w x.homology HC# R of the associative algebra R see KL or L2 .
 . ySuppose that R is, in addition, equipped with an anti -involution ; we
y .then write R, y . This mean maps R to R and satisfies a as a a,
a q bs a q b, abs ba, and a s a, for all a, b g R, a g k. Obviously
1 s 1.
 < nq1 2 y1 y1 :Let D s t , s t s s s 1, s t s s t be thenq1 nq1 nq1 nq1 nq1 nq1 nq1 nq1 nq1
dihedral group and define an action of D on Rmnq1. as follows. tnq1 nq1
 .acts as in 1.1 and
 .n nq1 r2s a m a m ??? m a s y1 a m a m a m ??? m a , .  .nq1 0 1 n 0 n ny1 1
1.2 .
for a g R, 0 F i F n. Then one knows that Rmnq1. is a D -module.i nq1
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 .  mnq1..Let D R be the module of coinvariants R which isn D nq 1
Rmnq1.
D R s . .n Im t y 1 q Im s y 1 .  .nq1 nq1
If we modify the action of s by y1 we denote the resulting module bynq1
 .D R , then we have explicitlyy1 n
Rmnq1.
D R s . 1.3 .  .y1 n Im t y 1 q Im s q 1 .  .nq1 nq1
One can check that t d s d t and s d s d s . It follows that dn n n nq1 n n n nq1 n
 .  .induces boundary maps 1.4 ] 1.5 , which we still denote by d , so we haven
d : D R ª D R 1.4 .  .  .n n ny1
and
d : D R ª D R , 1.5 .  .  .n y1 n y1 ny1
  . .   . .respectively. Each of these two complexes D# R , d and D# R , dy1
 w x.gives a homology see L1, L2, or KLS as follows.
 .DEFINITION 1.6. The dihedral resp., skew-dihedral homology of R is
HD R s H D# R , d resp., HD R s H D# R , d . .  .  .  . .  . .n n y1 n n y1
 .  .For our use, we rewrite HC R and HD R as follows.1 y1 1
 :PROPOSITION 1.7. Let R, R s R m RrI be the quotient space, wherec k c
I is the subspace of R m R spanned by elements a m b q b m a, ab m c qc k
 :bc m a q ca m b for all a, b, c g R. Set a, b s a m b q I , thenc c
 :HC R s a , b a b y b a s 0 .  . c1 i i i i i i 5
i i
 :is a subspace of R, R . Moreo¨er, we ha¨e the following exact sequence:c
C R . d1 1 6 : w x0 ª HC R ª R , R s R , R ª 0. 1.8 .  .c1 Im d2
X  .Let R be the subspace of D R s RrR spanned by ab y ba q R ,y1 0 q q
 4  .where R s a q a: a g R . It is easy to see that a s 0 mod R if andq q
only if a s a.
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 :PROPOSITION 1.9. Let R, R s R m RrI be the quotient space, whered k d
I is the subspace of R m R spanned by elements a m b q b m a, a m b y ad k
 :m b, ab m c q bc m a q ca m b for all a, b, c g R. Set a, b s a m b qd
I , thend
 :HD R s a , b a b y b a s a b y b a 1.10 .  .  .  dy1 1 i i i i i i i i i i 5
i i i
 :is a subspace of R, R . Moreo¨er, we ha¨e the following exact sequence:d
D R . dy1 1 1 X6 :0 ª HD R ª R , R s R ª 0. 1.11 .  .dy1 1 Im d2
 . 1Remark 1.12. If R is commutative, then HC R s V rdR, the Kahler¨1 R
 w x w x .differentials modulo exact forms see BK or Ka for the definition .
Moreover, when the involution y is trivial, one has
HD R s HC R s V1 rdR. .  .y1 1 1 R
 .Suppose that S is an associative k-algebra with identity, let R, y s
 op .S [ S , ex , then we claim
 .  .PROPOSITION 1.13. HD R ( HC S .y1 1 1
 :Proof. Define w : R m R ª S, S byc1
 :  :w a , a m b , b s a , b q a , b . .  . . c c1 1 2 1 2 1 1 2 2
Then one can easily check that the elements
a , a m b , b q b , b m a , a , .  .  .  .1 2 1 2 1 2 1 2
a , a m b , b y a , a m b , b , .  .  .  .1 2 1 2 2 1 2 1
a , a b , b m c , c q b , b c , c m a , a .  .  .  .  .  .1 2 1 2 1 2 1 2 1 2 1 2
q c , c a , a m b , b .  .  .1 2 1 2 1 2
lie in the kernel of w , therefore w induces a map, which we still denote1 1
 :  :w : R, R ª S, S byd c1
 :  : :w a , a , b , b s a , b q a , b . .  . . c c1 1 2 1 2 1 1 2 2d
 :  :Now we define c : S, S ª R, R byc d1
 :  :c a, b s a, 0 , b , 0 , .  .  .c d1
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 : .  :then w c a, b s a, b . Moreover, one can show thatc c1 1
 :  :c w a , a , b , b s a , a , b , b . .  .  .  . .1 1 1 2 1 2 1 2 1 2d d
Indeed,
 :  :  :a, 0 1, 0 , 0, c q 1, 0 0, c , a, 0 q 0, c a, 0 , 1, 0 s 0 .  .  .  .  .  .  .  .  .d d d
 .  .:gives us a, 0 , 0, c s 0. It follows thatd
 :c w a , a , b , b .  . .1 1 1 2 1 2 d
 :  :s c a , b q a , b .c c1 1 1 2 2
 :  :s a , 0 , b , 0 q a , 0 , b , 0 .  .  .  .1 1 2 2d d
 :  :  :s a , 0 , b , 0 q 0, a , b , 0 q a , 0 , 0, b .  .  .  .  .  .1 1 2 1 1 2d d d
 :q 0, a , 0, b .  .2 2 d
 :s a , a , b , b . .  .1 2 1 2 d
Thus w s cy1 and w is an isomorphism.1 1 1
 .  . .Define w : RrR ª S by w a, b q R s a y b. Taking restric-0 q 0 q
X w xtion, one can easily prove that w : R ª S, S is an isomorphism. So we0
have the following two exact sequences:
d1 X6 6 6 6 :0 HD R R , R R 0 . dy1 1
6 6
w w1 0
d16 6 6 6 : w x0 HC S S, S S, S 0. . c1
Moreover,
 :w ( d a , a , b , b s w a , a , b , b q R .  .  .  . . .0 1 1 2 1 2 0 1 2 1 2 qd
w x w xs a , b q a , b1 1 2 2
 :s d (w a , a , b , b , .  . .1 1 1 2 1 2 d
which shows that the above diagram commutes and hence defines, by
 .  .restriction, an isomorphism of HD R onto HC S as expected.y1 1 1
Suppose that y1 has no square root in k. Let S be an associative
 .commutative k-algebra with identity, and R s S m k i s S [ iS, wherek
y’i s y 1 . Define : R ª R by a q ibs a y ib for all a, b g S, then R is
an associative commutative k-algebra equipped with an involution y. In
this case we claim
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 .  .PROPOSITION 1.14. HD R ( HC S .y1 1 1
 .Proof. Define f : R m R ª HC S by1
f a q ib m a q ib s a m a y b m b . .  . .1 1 2 2 1 2 1 2
Then one can show that the elements
a q ib m a q ib q a q ib m a q ib , .  .  .  .1 1 2 2 2 2 1 1
a q ib m a q ib y a y ib m a y ib , .  .  .  .1 1 2 2 1 1 2 2
a q ib a q ib m a q ib .  .  .1 1 2 2 3 3
q a q ib a q ib m a q ib .  .  .2 2 3 3 1 1
q a q ib a q ib m a q ib .  .  .3 3 1 1 2 2
lie in the kernel of f , therefore f induces a surjective homomorphism
f : HD R ª HC S . .  .y1 1 1
 .In HD R , we have ib m a y ib m a ' 0, which yields ib m a ' 0. Soy1 1
a m ib ' 0 as well. Also,
i ? a m ib q a ? ib m i q ib ? i m a ' 0,
which gives
ia m ib q abi m i y b m a ' 0,
but ab ? i m i q i ? i m ab q i ? ab m i ' 0 yields
1 12abi m i ' ab m i s ab m y1 ' 0. .2 2
It follows that ia m ib ' b m a and
a q ib m a q ib ' a m a y b m b . .  .1 1 2 2 1 2 1 2
 .  .Now we define g : S m S ª HD R by g a m b s a m b. Obviously,y1 1
 .  .  .g induces a homomorphism g : HC S ª HD R such that g a m b1 y1 1
s a m b. Then
g ( f a q ib m a q ib s g a m a y b m b .  .  . .1 1 2 2 1 2 1 2
s a m a y b m b1 2 1 2
' a q ib m a q ib .  .1 1 2 2
which shows that g ( f s id and that f is also injective.
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To finish this section, we recall some basic facts of Lie algebras. For any
 U . nLie algebra g over k, there is a standard complex n g , ­ where n g is
the nth exterior product of g over k and
iq jq1w x­ x n ??? n x s y1 x , x n x n ??? n x n ??? .  . ˆn 1 n i j 1 i
1Fi-jFn
n x n ??? n x ,ˆj n
 U .where x indicates that the term x is omitted. The complex n g , ­iˆ i
 .gives the homology H# g of the Lie algebra g in which
ker ­n
H g s . .n Im ­nq1
w xA Lie algebra g over k is called perfect if g , g s g. A central
extension of g is a Lie algebra g and a surjective homomorphismˆ
 .p : g ª g whose kernel lies in the center of g. The pair g , p is aˆ ˆ ˆ
 .covering of g if in addition g is perfect. A covering g , p is a universalˆ ˆ
 .covering algebra or a universal central extension of g if for every central
 .extension g , t of g there is a unique homomorphism c : g ª g for˜ ˆ ˜
which t (c s p . A perfect Lie algebra is centrally closed if every central
extension of it splits. It is a standard fact that every perfect Lie algebra has
a unique universal covering algebra, up to isomorphism. The following
 w x.result is also well-known see Ga .
LEMMA 1.15. If g is a uni¨ ersal co¨ering algebra, then g is centrally
closed. If g is centrally closed and g is a central extension of g , then g is theˆ ˆ ˆ
uni¨ ersal co¨ering algebra of g.
2. STEINBERG UNITARY LIE ALGEBRAS
Let R be an associative k-algebra with identity, equipped with an
 . yanti- involution . The k-Lie algebra of n = n matrices with coefficients
 .  .in R is denoted by gl R . For n G 2, the elementary Lie algebra sl Rn n
  ..  .  .or e R is the subalgebra of gl R generated by the elements e a ,n n i j
a g R, 1 F i / j F n, where e are standard matrix units. The elementaryi j
 .  .unitary Lie algebra eu R, y, g is a subalgebra of gl R generated byn n
y1 .  .the elements e a y g g e a , a g R, 1 F i / j F n, where g si j i j ji
 . =g , . . . , g , g g k , the nonzero elements of k, 1 F i F n.1 n i
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Clearly, if i, j, k are distinct, then
y1 y1 y1e a y g g e a , e b y g g e b s e ab y g g e ab , .  .  .  .  .  .i j i j ji jk j k k j ik i k k i
2.1 .
while if i, j, k, l are distinct, then
y1 y1e a y g g e a , e b y g g e b s 0 2.2 .  .  .  .  .i j i j ji k l k l lk
for a, b g R, 1 F i, j, k, l, F n.
 .Also, it is easy to see that eu R, y, g has a vector space decomposi-n
tion
eu R , y, g s j [ [ j 2.3 .  .n 0 i j
1Fi-jFn
where
y1j s e a y g g e a a g R .  . 4i j i j i j ji
for 1 F i - j F n and j is the subalgebra of diagonal matrices of0
 .eu R, y, g , which is spanned by the elementsn
y1 y1e a y g g e a , e b y g g e b .  .  .  .i j i j ji ji j i i j
s e ab y ab q e ba y ba , 2.4 . .  .i i j j
for a, b g R, 1 F i / j F n.
 .For n G 3, the Steinberg Lie algebra st R is defined to be the Lien
 .algebra over k generated by the symbols X a , a g R, 1 F i / j F n,i j
 w x.subject to the relations see BM, F or Ka :
a ¬ X a is a k-linear mapping, 2.5 .  .i j
X a , X b s X ab , for distinct i , j, k , 2.6 .  .  .  .i j jk ik
X a , X b s 0, for j / k , i / l , 2.7 .  .  .i j k l
where a, b g R, 1 F i, j, k, l F n.
 .For n G 3, the Steinberg unitary Lie algebra stu R, y, g is definedn
 .to be the Lie algebra over k generated by the symbols u a , a g R,i j
 w x.1 F i / j F n, subject to the relations see AF
y1u a s u yg g a , 2.8 .  . /i j ji i j
a ¬ u a is a k-linear mapping, 2.9 .  .i j
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u a , u b s u ab , for distinct i , j, k , 2.10 .  .  .  .i j jk ik
u a , u b s 0, for distinct i , j, k , l , 2.11 .  .  .i j k l
where a, b g R, 1 F i, j, k, l F n.
 .  .  .If all l s 1, we let eu R, y denote eu R, y, g and let stu R, yi n n n
 .denote stu R, y, g .n
w xThe following proposition is due to Allison and Faulkner AF . They
proved this for any nonassociative algebra of coefficients.
w  .  .xPROPOSITION 2.12. Let I [  u R , u R . Then I is a1F i- jF n i j ji
 .  .subalgebra of stu R, y, g containing the center Z of stu R, y, gn n
w  .x  .with I , u R : u R . Moreo¨er,i j i j
stu R , y, g s I [ [ u R . 2.13 .  .  .n i j
1Fi-jFn
Clearly, one has a Lie algebra epimorphism:
f : stu R , y, g ª eu R , y, g , 2.14 .  .  .n n
y1  ..  .  .  .such that f u a s e a y g g e a . f restricted to u R mapsi j i j i j ji i j
 .  .u R to j and is one to one, for 1 F i - j F n. Also f I s j . Let Zi j i j 0 0
 .be the center of eu R, y, g . As in Proposition 2.12 one finds that Zn 0
 . y1 .lies in j of course, this is in the diagonal matrices , thus f Z : I.0 0
 w x.Moreover, one can show that see AF
y1 .LEMMA 2.15. f Z s Z. In particular, ker f : Z.0
By the above lemma, we know that ker f : Z , the center of
 .stu R, y, g . Next we will characterize ker f using the skew-dihedraln
homology of R. To do this, we need to understand more about the
 .subalgebra I of stu R, y, g . Settingn
T a, b s u a , u b , 2.16 .  .  .  .i j i j ji
for a, b g R, 1 F i / j F n, one has
PROPOSITION 2.17. For any a, b, c g R, and distinct i, j, k, we ha¨e
 .  .  .  .i T a, b s yT b, a s T a, b ,i j ji ji
 .  .  .  .ii T ab, c s T a, bc q T b, ca ,i j i k k j
 .  .  .  .iii T 1, c s yT 1, c s T c, 1 ,k j jk k j
 .  .iv T 1, a s 0, if a g R .i j q
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 .  .Proof. By 2.8 and 2.16 , one has
T a, b s y u b , u a s yT b , a , 2.18 .  .  .  .  .i j ji i j ji
y1 y1T a, b s yg g u a , yg g u b s T a, b , 2.19 .  .  .  .  .i j i j ji j i i j ji
 .which show that i holds.
 .Using 2.10 and the Jacobi identity,
T ab, c s T a, bc q T b , ca , 2.20 .  .  .  .i j i k k j
 .  .which proves ii . Taking a s b s 1 in 2.20 , we get
T 1, c s T 1, c q T 1, c , 2.21 .  .  .  .i j i k k j
 .and exchanging j and k in 2.21 we have
T 1, c s T 1, c q T 1, c . 2.22 .  .  .  .i k i j jk
 .  .Combine 2.21 and 2.22 , giving us
T 1, c q T 1, c s 0, .  .k j jk
 .  .  .  .  .so T 1, c s yT 1, c s T c, 1 by i . This gives iii .k j jk k j
Let a g R , then a s a, andq
T 1, a s yT a, 1 s yT a, 1 s yT a, 1 s yT 1, a .  .  .  .  .i j ji i j i j i j
 .which yields T 1, a s 0.i j
 .Now setting b s 1 in 2.20 , we have
T a, c s T a, c q T 1, ca . 2.23 .  .  .  .i j i k k j
If we let
t a, b s T a, b y T 1, ba , 2.24 .  .  .  .1 j 1 j
 .  .  .then, by 2.22 , 2.23 , and Proposition 2.17 iii , we have
t a, b s T a, b q T 1, ba y T 1, ba .  .  .  .1k k j 1 j
s T a, b y T 1, ba y T 1, ba .  .  .1k jk 1 j
s T a, b y T 1, ba q T 1, ba .  .  . .1k jk 1 j
s T a, b y T 1, ba , .  .1k 1k
 .which shows that t a, b does not depend on the choices of j.
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Now we can interpret Proposition 2.17 as follows.
PROPOSITION 2.25. For a, b, c g R, the following identities hold:
 .  .  .i t 1, a s t a, 1 s 0,
 .  .  .ii t a, b y t a, b s 0,
 .  .  .  .iii t ab, c q t bc, a q t ca, b s 0,
 .  .  .iv t a, b q t b, a s 0.
 . .Proof. By 2.17 iii , we see that
t 1, a s t a, 1 s 0. .  .
 .  . .By the definition of t a, b , one has, using 2.17 ii ,
t ab, c s t a, bc q t b , ca . 2.26 .  .  .  .
Indeed,
t ab, c s T ab, c y T 1, cab .  .  .1 j 1 j
s T a, bc q T b , ca y T 1, cab .  .  .1k k j 1 j
s t a, bc q T 1, bca q T b , ca y T 1, cab .  .  .  .1k k j 1 j
s t a, bc q T b , ca y T 1, cab .  .  .1 j 1 j
s t a, bc q t b , ca . .  .
 .  .Since t a, 1 s 0, setting c s 1 in 2.26 , we have
0 s t a, b q t b , a , .  .
 .  .which gives iv , and it follows that, by rewriting 2.26 ,
t ab, c q t bc, a q t ca, b s 0, .  .  .
 .  . .  .which is iii . Also, by 2.17 i and iii ,
t a, b s T a, b y T 1, ba s yT b , a q T ba, 1 .  .  .  .  .1 j 1 j 1 j 1 j
s yT b , a q T ab, 1 s y T b , a y T 1, ab .  . .  . /1 j 1 j i j 1 j
s yt b , a s t a, b , . .
 .which is ii .
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 .  .Note that T a, b is k-bilinear, and so is t a, b .i j
LEMMA 2.27. E¨ery element x g I can be written as
x s t a , b q T 1, c , .  . i i 1 j j
i 2FjFn
 .where a , b g R, c g R i.e., c s yc .i i j y j j
 . .  .  .Proof. Using 2.17 i , 2.23 , and 2.24 , we have for i, j / 1,
T a, b s T a, b q T 1, ba s yT b , a q T 1, ba .  .  .  .  .i j i1 1 j 1 i 1 j
s yt b , a y T 1, ab q T 1, ba . .  .  .1 i 1 j
It follows that every element x g I can be written as
x s t a , b q T 1, c , .  . i i 1 j j
i 2FjFn
 .  . .where a , b , c g R. But we know that T 1, c s 0, by 2.17 iv , fori i j 1 j
c g R , as expected.q
It is easy to see that
f T a, b s e ab y ab q e ba y ba , 2.28 .  . .  . .i j i i j j
and so
f t a, b s f T a, b y T 1, ba .  .  . .  .1 j 1 j
s e ab y ab q e ba y ba .  .11 j j
y e ba y ba q e ba y ba .  . .11 j j
s e ab y ba y ab y ba . 2.29 .  . . .11
Then we have
  . < 4LEMMA 2.30. ker f s  t a , b  a b y b a s  a b y b a .i i i i i i i i i i i i i
 .  .  .Proof. By 2.13 and 2.15 , one has ker f : I. From 2.27 , for x g
ker f, we may let
x s t a , b q T 1, c , .  . i i 1 j j
i 2FjFn
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 .  .where a , b g R, c g R i.e., c s yc . f x s 0 impliesi i j y j j
e a b y b a y a b y b a q e c y c q e c y c .  .  .  . .  . 11 i i i i i i i i 11 j j j j j j
i 2FjFn
s e a b y b a y a b y b a q 2 e y e c .  .  . . 11 i i i i i i i i 11 j j j /
i 2FjFn
s 0.
 .  .It follows that c s 0 and  a b y b a y a b y b a s 0 for 2 F j F n.j i i i i i i i i i
 .  .Therefore x s  t a , b with  a b y b a s  a b y b a .i i i i i i i i i i i i i
X  .Recall that R is the subspace of D R s RrR spanned by ab yy1 0 q
ba q R for all a, b g R, and one has a short exact sequenceq
D R . dy1 1 1 X60 ª HD R ª R ª 0. 2.31 .  .y1 1 Im d2
X  .We define a linear mapping E: R ª eu R, y, g byn
E ab y ba q R s e ab y ba y ab y ba , 2.32 .  .  . .  . .q 11
 .then E is well-defined. In fact, if  a b y b a s 0 mod R , theni i i i i q
a b y b a s a b y b a . i i i i i i i i
i i
Now we are in the position to state one of the main theorems of this
w x w xsection. The method of proof follows KL ; also see G1 .
 .THEOREM 2.33. ker f ( HD R .y1 1
Proof. Consider the following two exact sequences:
D R . dy1 1 1 X6 6 6 6 .0 HD R R 0y1 1 Im d2
6 6
h E
f6 6 6 6 .  .0 ker f stu R, y, g eu R, y, g 0.n n
 .  .  : .  .Define h: D R rIm d ª stu R, y, g by h a, b s t a, b .dy1 1 2 n
 .  .Comparing 1.9 and 2.25 , we know h is well-defined. Moreover,
 :f (h a, b s f t a, b s e ab y ba y ab y ba .  .  .  . .  .d 11
 :s E ab y ba q R s E d a, b .  . .dq 1
STEINBERG UNITARY LIE ALGEBRAS 275
which shows that the above diagram commutes and defines, by restriction,
 .a surjective homomorphism of HD R onto ker f.y1 1
To get the injectivity of h, we begin by finding a 2-cocycle
D R .y1 1
f : eu R , y, g = eu R , y, g ª . .  .n n Im d2
 .  .  .More precisely, if x s x , y s y g eu R, y, g , we definei j i j n
 :f x , y s x , y . .  di j ji
1Fi , jFn
Then, one can check that
f x , y q f y , x s 0 .  .
w x w x w xf x , y , z q f y , z , x q f z , x , y s 0. .  .  .
 .  .So f defines a 2-cocycle on eu R, y, g with values in D R rIm d .n y1 1 2
Now we can form a Lie algebra
D R .y1 1
L s eu R , y, g [ .n Im d2
with Lie bracket
X w xx , c , y , c s x , y , f x , y .  .  . .
 . X  .for all x, y g eu R, y, g , and c, c g D R rIm d . L is a Lie algebran y1 1 2
as f is a 2-cocycle. Clearly,
y1 y1f e a y g g e a , e b y g g e b s 0, .  .  .  . /i j i j ji k l k l lk
 4  4for all pairs i, j / k, l .
y1  .  . .Thus the elements e a y g g e a , 0 in L satisfy the relationsi j i j ji
 .  .  .2.8 ] 2.11 . By the universal property of stu R, y, g there exists an
 .unique Lie algebra homomorphism
r : stu R , y, g ª L .n
y1  ..  .  .such that r u a s e a y g g e a . Thusi j i j i j ji
r T a, b . .i j
y1 y1s e a y g g e a , 0 , e b y g g e b , 0 .  .  .  . .  /i j i j ji ji j i i j
s e ab y ab q e ba y ba , .  . i i j j
y1 y1f e a y g g e a , e b y g g e b .  .  .  . / /i j i j ji ji j i i j
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 :  :s e ab y ab q e ba y ba , a, b q a, b .  . d d /i i j j
 :s e ab y ab q e ba y ba , 2 a, b , .  . .dii j j
y1 y1  .  .  .  ..  :  :as f e a y g g e a , e b y g g e b s a, b q a, b , andd di j i j ji ji j i i j
 :  :  .a, b s a, b in D R rIm d .d d y1 1 2
Therefore,
r t a, b s r T a, b y T 1, ba .  .  . .  .1 j 1 j
 :  :s e ab y ba y ab y ba , 2 a, b y 2 1, ba .  . . .d d11
 :  :s E d a, b , 2 a, b . . .d d1
 :  .as 1, ba s 0 in D R rIm d .d y1 1 2
  : ..    : ..  : .   ..It follows that r h a, b s E d a, b , 2 a, b and so r h cd d d1
  . .  .s E d c , 2c for all c g D R rIm d . Thus h is injective. The proof1 y1 1 2
is complete.
w xAs a consequence, we can prove the result of Kassel and Loday KL .
 .COROLLARY 2.34 Kassel]Loday . Let S be an associati¨ e k-algebra with
 .  .identity, then p : st S ª sl S is a central extension and the kernel of p isn n
 .isomorphic to HC S .1
 .  op .Proof. Let R, y s S [ S , ex , then there is an isomorphism w :
 .  .   ...  .  .  w x.stu R, y ª st S given by w u a, b s X a y X b see AF .n n i j i j ji
X  .  .Similarly, there exists an isomorphism w : eu R, y ª sl S . Moreover,n n
we have the following two exact sequences:
f6 6 6 6
0 ker f stu R , y eu R , y 0 .  .n n
6 6
X
w w
p6 6 6 60 ker p st S sl S 0, .  .n n
and the above diagram commutes. It is easy to see that the restriction of w
 .can be actually identified with w see 1.13 . From Proposition 1.13 it1
 .follows that the kernel of p is isomorphic to HC S .1
Remark 2.35. Note that ker f is independent of the choice of g s
 .g , . . . , g .1 n
We know that
f : stu R , y, g ª eu R , y, g 2.36 .  .  .n n
 .is a central extension. Clearly, stu R, y, g is perfect, and so isn
 .eu R, y, g , for n G 3. We will see that f determines a universal centraln
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extension except in a few cases. The idea for proving this is motivated by
w x w x w x w xBl and BeM , see also G1 and G2 .
 .  .THEOREM 2.37. If n G 5, then f : stu R, y, g ª eu R, y, g is an n
uni¨ ersal central extension.
 .  .Proof. By 1.15 , it is enough to show that stu R, y, g is centrallyn
closed.
Suppose that
p 60 ª V ª L stu R , y, g ª 0 .n
is a central extension.
 .  .Let u a be the preimage of u a in L under p chosen as follows. It˜i j i j
 .  4  4suffices to choose u a for 1 F i - j F n and a g r , where r˜i j l lg L l lg L
 4  .is a basis of R with 1 g r L is an index set , and then extend ourl lg L
 .choices to all a g R, 1 F i / j F n by linearity and 2.8 .
w  .  .xOne has u a , u b g V, for distinct i, j, k, l. Since n G 5, we let˜ ˜i j k l
 4m f i, j, k, l , then
u 1 , u a , u b s 0. .  .  .˜ ˜ ˜mi i j k l
By the Jacobi identity, the above yields
u 1 , u a , u b q u a , u 1 , u b s 0. .  .  .  .  .  .˜ ˜ ˜ ˜ ˜ ˜mi i j k l i j mi k l
w  .  .xAs u 1 , u b g V, we get˜ ˜mi k l
u a , u b s u 1 , u a , u b s 0 2.38 .  .  .  .  .  .˜ ˜ ˜ ˜ ˜m j k l mi i j k l
for a, b g R and distinct m, j, k, l.
Let
ju a , u b s u ab q ¨ a, b .  .  .  .˜ ˜ ˜i j jk ik ik
j  .where ¨ a, b g V.i k
 4Take l f i, j, k , then
u c , u a , u b s u c , u ab , .  .  .  .  .˜ ˜ ˜ ˜ ˜l i i j jk l i i k
but the left-hand side is, by the Jacobi identity,
u c , u a , u b q u a , u c , u b s u ca , u b .  .  .  .  .  .  .  .˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜l i i j jk i j l i jk l j jk
w  .  .xas u c , u b g V. Thus˜ ˜l i jk
u c , u ab s u ca , u b . 2.39 .  .  .  .  .˜ ˜ ˜ ˜l i i k l j jk
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w  .  .x w  .  .x i  .In particular, u c , u b s u c , u b . It follows that ¨ c, b s˜ ˜ ˜ ˜l i i k l j jk lk
j  . i¨ c, b which shows that ¨ is independent of the choice of i. Settinglk lk
 . i  .¨ c, b s ¨ c, b , thenlk lk
u c , u b s u cb q ¨ c, b . 2.40 .  .  .  .  .˜ ˜ ˜l i i k lk lk
Taking c s 1, we have
u 1 , u b s u b q ¨ 1, b . 2.41 .  .  .  .  .˜ ˜ ˜l i i k lk lk
 .  .  .  .Now replacing u b by u b q ¨ 1, b , for l ) k, then using 2.8 get˜ ˜lk lk lk
 .u b for l - k. So we have˜lk
u 1 , u b s u b . 2.42 .  .  .  .˜ ˜ ˜l i i k lk
 .  .Now we must check 2.42 holds for l - k. In fact, using 2.39 and k ) l
gives us
y1 y1u 1 , u b s u b , u 1 s yg g u b , yg g u 1 .  .  .  .  .  .˜ ˜ ˜ ˜ ˜ ˜l i i k l j jk l j jl j k k j
y1 y1s yg g u 1 , u b s yg g u b s u b . .  .  .  .˜ ˜ ˜ ˜l k k j jl l k k l lk
 .  .It follows from 2.39 and 2.42 that
u a , u b s u 1 , u ab s u ab 2.43 .  .  .  .  .  .˜ ˜ ˜ ˜ ˜l j jk l i i k lk
for a, b g R and distinct l, j, k.
 .  .  .By our choices, we know that u a satisfy the relations 2.8 ] 2.11 .˜i j
 .  .  .Since we have 2.38 and 2.43 , by the universal property of stu R, y, gn
 .there exists a unique Lie algebra homomorphism
c : stu R , y, g ª L .n
  ..  .such that c u a s u a . Evidently, p (c s id which implies that the˜i j i j
 .original sequence splits. So stu R, y, g is centrally closed.n
Note that Theorem 2.37 still holds when the characteristic of k equals 2.
From Theorem 2.37 and Corollary 2.34, we immediately have the following
 w xresult which is due to Bloch see Bl ; there the coefficient algebras are
.commutative .
 .COROLLARY 2.44 Bloch . Let S be an associati¨ e k-algebra with identity,
 .  .then, for n G 5, p : st S ª sl S is the uni¨ ersal central extension.n n
 .With some extra assumptions on R, we can prove that stu R, y, g isn
centrally closed, for n G 3.
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Assumption 2.45. Suppose that there exists an element e g R such that
 .i e g R , namely, e s ye,y
 .ii e lies in the center of R,
 .iii e is a unit.
Assumption 2.46. Suppose that R ) R s R, where ) is the Jordany
1  .  < 4product a) b s ab q ba and R ) R s  a ) b a g R , b g R .y i i i i y i2
 .  .Obviously, the Assumption 2.45 implies 2.46 . These assumptions are
not too restrictive. For example, if y1 has no square root in k, and S is an
 . yassociative k-algebra with identity, equipped with an anti -involution ,
y’ ’ .then consider the algebra R s S m k y 1 s S [ y 1 S, extendingk
’ ’on R by a q y 1 bs a y y 1 b. One can check that R is an associative
 .k-algebra equipped with an anti -involution. In this case, we may choose
’e s y 1 and Assumption 2.45 holds. Also, one may check that Assump-
tion 2.46 holds for any associative composition algebra with the natural
involution y, but Assumption 2.45 may fail.
THEOREM 2.47. If R satisfies Assumption 2.46 and n G 4, then
 .stu R, y, g is centrally closed.n
Proof. We first derive some identities which we will need.
T a, b , u c s u a , u b , u c .  .  .  .  .i j i k i j ji i k
s u a , u b , u c .  .  .i j ji i k
y u b , u a , u c .  .  .ji i j i k
y1s u a , u bc y u b , yg g u ac .  .  .  .i j jk ji i j jk
s u abc y u bac .  .i k ik
s u ab y ab c , 2.48 . . .i k
 .for a, b, c g R and distinct i, j, k. Using 2.48 , we obtain
T a, b , u c s T a, b , u c , u 1 .  .  .  .  .i j i j i j i k k j
s T a, b , u c , u 1 .  .  .i j i k k j
q u c , T a, b , u 1 .  .  .i k i j k j
s u ab y ab c , u 1 . . .i k k j
y1q u c , g g T b , a , u 1 .  .  .i k k j ji jk
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y1s u ab y ab c q u c , g g u ba y ba . .  . .i j i k k j jk
s u ab y ab c y u c , u ba y ba . .  . .i j i k k j
s u ab y ab c q c ba y ba . 2.49 . .  . .i j
 .In the proof of Theorem 2.37, to get 2.43 we only used n G 4. Now we
 .  . w  .  .x˜prove 2.38 . Let t a, b s u a , u b . If i, j, k, l are distinct, by the˜ ˜i j i j ji
Jacobi identity, we have
t˜ a, 1 , u b , u c s 0, as u b , u c g V . .  .  .  .  .˜ ˜ ˜ ˜i j i j k l i j k l
w  .  .x  .˜It is easy to see that t a, 1 , u c g V. Then from 2.49 and the˜i j k l
Jacobi identity, we get
u a y a b q b a y a , u c s 0, .  .  . .˜ ˜i j k l
for any a, b, c g R. Assumption 2.46 gives us
u a , u b s 0, .  .˜ ˜i j k l
for all a, b g R. The rest is similar to the proof of Theorem 2.37.
EXAMPLE 2.50. Theorem 2.47 may fail without Assumption 2.46 and we
have a counterexample as follows. Let R be commutative and the involu-
tion y trivial, then R s 0 and R ) R s 0. Let n s 4, g s 1, for 1 F i Fy y i
4. Then, by Theorem 2.33 and Remark 1.12, we have the short exact
sequence
f1 60 ª V rdR ª stu R , y eu R , y ª 0. .  .R 4 4
 .   . < t 4But eu R, y s o m R, where o s X g gl k X q X s 0 which is4 4 4 4
 .  .  w x.isomorphic to sl k [ sl k see GG . Therefore, by Proposition 1.26 of2 2
w x  .  .   .BK , the universal central extension of eu R, y is eu R, y [ V o4 4 4
1 .  . 1  .m V rdR whose kernel is V o m V rdR, where V o is the predualR 4 R 4
 .of the vector space of bilinear invariant forms on o . Since o s sl k [4 4 2
 .  .  .sl k , V o is two-dimensional. It follows that stu R, y is not neces-2 4 4
 .sarily a universal central extension of eu R, y .4
THEOREM 2.51. If Assumption 2.45 holds for R and char k / 3, then for
 .n G 3 stu R, y, g is centrally closed.n
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 .  .Proof. Let i, j, k be distinct; then for e as in 2.45 , using 2.48 gives
T 1, e , T 1, e .  .i j i k
s T 1, e , u 1 , u e .  .  .i j i k k i
s T 1, e , u 1 , u e q u 1 , T 1, e , u e .  .  .  .  .  .i j i k k i ik i j k i
y1s u 2 e , u e q u 1 , yg g T 1, e , u e .  .  .  .  .i k k i ik k i i j i k
y1s 2 u e , u e q u 1 , yg g u 2 ee .  .  .  .i k k i ik k i ik
y1s y2g g u e , u e q u 1 , u 2 ee .  .  .  .i k k i k i k i ik
y1 2s 2g g u e , u e q u 1 , u y2 e .  .  .  .i k k i k i k i ik
s 0, 2.52 .
2  .as y2 e g R , by Proposition 2.17 iv .q
Now as in Theorem 2.37, we suppose that
p 60 ª V ª L stu R , y, g ª 0 .n
is a central extension.
 .  .Let u a be the preimage of u a in L under p chosen as follows. It˜i j i j
 .  4  4suffices to choose u a for 1 F i - j F n and a g r , where r˜i j l lg L l lg L
 4  .is a basis of R with 1 g r L is an index set , and then extend ourl lg L
 .choices to all a g R, 1 F i / j F n, by linearity and 2.8 .
 . w  .  .x  .˜Let t a, b s u a , u b ; we know, by 2.49 ,˜ ˜i j i j ji
y1 y1 y1t˜ 1, e , u e a s u e y e e a q e a e y e q ¨ a .  .  .  .  .˜ ˜  .i j i j i j i j
s 4u a q ¨ a , .  .˜i j i j
1 .  .  .  .where ¨ a g V. Replace u a by u a q ¨ a , for i ) j; then using˜ ˜i j i j i j i j4
 .  .2.8 get u a for i - j. So we have˜i j
y1t˜ 1, e , u e a s 4u a . 2.53 .  .  .  .˜ ˜i j i j i j
 .One can easily check that 2.53 holds for i - j.
It follows that
y2 y1˜ ˜ ˜t 1, e , t 1, e , u e a s t 1, e , 4u e a . 2.54 .  .  .  .  .  .˜ ˜i k i j i j i k i j
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 .  .  .The left-hand side of 2.54 is, by the Jacobi identity, 2.48 , and 2.53 ,
y2 y2˜ ˜ ˜ ˜t 1, e , t 1, e , u e a q t 1, e , t 1, e , u e a .  .  .  .  .  .˜ ˜i k i j i j i j i k i j
y1˜s t 1, e , u 2 e a s 8u a . .  .  .˜ ˜i j i j i j
w  .  .x  .˜ ˜Here, we used t 1, e , t 1, e g V by 2.52 . Thusi k i j
y1t˜ 1, e , u e a s 2u a . 2.55 .  .  .  .˜ ˜i k i j i j
It is easy to see that
u a , u b s u ab q ¨ , for distinct i , j, k , 2.56 .  .  .  .˜ ˜ ˜i j jk ik
Xu a , u b s ¨ , if i , j, k , l are distinct, 2.57 .  .  .˜ ˜i j k l
for some ¨ , ¨ X g V.
 .  .˜Multiplying by t 1, e in 2.56 , we obtaini j
˜ ˜t 1, e , u a , u b s t 1, e , u ab . 2.58 .  .  .  .  .  .˜ ˜ ˜i j i j jk i j i k
 .  .  .By 2.53 , 2.55 , and the Jacobi identity, 2.58 yields
4 u ea , u b y 2 u a , u eb s 2u eab . 2.59 .  .  .  .  .  .˜ ˜ ˜ ˜ ˜i j jk i j jk ik
 .  .˜Similarly, multiplying by t 1, e in 2.56 , we getjk
˜y2 u ea , u b q 4 u a , u eb s 2 t 1, e , u ab . .  .  .  .  .  .˜ ˜ ˜ ˜ ˜i j jk i j jk jk ik
But
y1˜ ˜t 1, e , u ab s yt e, 1 , yg g u ab .  .  .  .˜ ˜jk ik k j i k k i
y1s 2g g u eab s y2u abe s 2u abe , .  . .˜ ˜ ˜i k k i ik ik
which shows that
y2 u ea , u b q 4 u a , u eb s 2u eab . 2.60 .  .  .  .  .  .˜ ˜ ˜ ˜ ˜i j jk i j jk ik
 .  . Combining 2.59 with 2.60 , by solving the two equations whose determi-
.nant is 12 we get
u ea , u b s u a , u eb s u eab . .  .  .  .  .˜ ˜ ˜ ˜ ˜i j jk i j jk ik
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As e is invertible, we have
u a , u b s u ab , 2.61 .  .  .  .˜ ˜ ˜i j jk ik
for all a, b g R, and distinct i, j, k.
 .  .˜Suppose i, j, k, l are distinct. Multiplying t 1, e in 2.57 then givesi j
t˜ 1, e , u a , u b s 0. .  .  .˜ ˜i j i j k l
 .By 2.53 and the Jacobi identity, we have
˜4 u ea , u b q u a , t 1, e , u b s 0, .  .  .  .  .˜ ˜ ˜ ˜i j k l i j i j k l
w  .  .x w  .  .x˜but t 1, e , u b g V, hence 4 u ea , u b s 0. Also, e is invert-˜ ˜ ˜i j k l i j k l
ible, so
u a , u b s 0, 2.62 .  .  .˜ ˜i j k l
for all a, b g R, and distinct i, j, k, l.
Then the rest is similar to the proof of Theorem 2.37.
 .  op .  . opLet R, y s S [ S , ex , then one may choose e s 1, y1 g S [ S
and have
COROLLARY 2.63. Let S be an associati¨ e k-algebra with identity, then for
 .n G 5, n s 4 with char k / 2, and n s 3 with char k / 2, 3, p : st S ªn
 .   . .  .sl S is the uni¨ ersal central extension, and H sl S , k ( HC S .n 2 n 1
 .  .Remark 2.64. Let est R, y, g be the subalgebra of st R gener-n n
y1 .  .ated by the elements X a y g g X a , a g R, 1 F i / j F n. It is easyi j i j ji
y1 .  .  .  .to see that X a y g g X a satisfies the defining relations 2.8 ] 2.11 ;i j i j ji
 .thus by the universal property of stu R, y, g there exists a Lie algebran
epimorphism
w : stu R , y, g ª est R , y, g .  .n n
y1  ..  .  .such that w u a s X a y g g X a . A fairly natural question isi j i j i j ji
 .  .whether the two Lie algebras stu R, y, g and est R, y, g aren n
 .isomorphic. Now we claim that the two Lie algebras stu R, y, g andn
 .est R, y, g are isomorphic when R is associative.n
 .  .  .There clearly exists a unique homomorphism q : st R ª sl R suchn n
  ..  .  . w  .  .xthat q X a s e a . Let H a, b s X a , X b for a, b g R andi j i j i j i j ji
 .  .  .then h a, b s H a, b y H 1, ba . This is easily seen to be indepen-1 j 1 j
 .dent of the choices of j. We know that st R is the universal centraln
 .   . < 4extension of sl R and ker q s  h a , b  a b y b a s 0 , moreover,n i i i i i i i i
 :  .  .the mapping a, b ¬ h a, b gives an isomorphism of HC R ontoc 1
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w x w xker q , as was proved in KL and BGK . So we have a short exact
sequence:
q 60 ª HC R ª st R sl R ª 0. .  .  .1 n n
 .The restriction of q on est R, y, g induces a surjective homomor-n
phism
q : est R , y, g ª eu R , y, g . .  .n n
Also, note that
y1 y1X a y g g X a , X b y g g X b s H a, b q H a, b . .  .  .  .  .  .i j i j ji ji j i i j i j ji
  .  . <  . 4Let V s  h a , b q h a , b  a b q a b y b a y b a s 0 . As ini i i i i i i i i i i i i i
Lemma 2.30, one can verify that the following is an exact sequence:
q 60 ª V ª est R , y, g eu R , y, g ª 0. .  .n n
 .  .It is clear that V ( HC R ( HD R , and we have the following1 q y1 1
commutative diagram:
f6 6 6 6 .  .  .0 HD R stu R, y, g eu R, y, g 0
6 6
y1 1 n n
w id
q6 6 6 6 .  .0 V est R, y, g eu R, y, g 0.n n
From this one has that w is actually an isomorphism.
3. ANALOGUES OF UNITARY LIE ALGEBRAS
OF OTHER TYPES
Let g be a finite-dimensional simple Lie algebra over the complex˙
 < 4numbers. It is well-known that g has a Chevalley basis e , h , a g D˙ a a
 w x w x.see C or H , where D is the root system of g with a base  s˙
 4  .a , . . . , a and l is the rank of g or D satisfying˙1 l
 . w xi h , h s 0,a b
 . w x  .ii h , e s b h e ,a b a b
 . w xiii e , e s h ,a ya a
 . w xiv e , e s N e ,a b a , b aqb
where a , b g D; if a q b f D, we set N s 0.a , b
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 w x.  .One also has a Chevalley involution u see C, H, or K , u e s ye .a ya
 w x .Then one can prove see C , pp. 53 and 56 ,
N s yN s yN 3.1 .a , b b , a ya , yb
b h q N N q N N s 0. 3.2 .  .a ya , b yaqb , a b , a aqb , ya
for all a , b g D, and a " b / 0.
 < 4Note that we have that e , e y e 1 F i / j F l q 1 is a Chevalleyi j i i j j
basis of g when g is of type A , where e are the standard matrix units.˙ ˙ l i j
 .Correspondingly, the Chevalley involution is given by u e s ye .i j ji
Throughout the rest of this paper, we will fix the Chevalley basis
 < 4e , h , a g D and the Chevalley involution u chosen as above. Further-a a
more, for simplicity, we let k be a field of characteristic 0. Assume that R
is an associative commutative k-algebra with identity, equipped with an
involution y.
If we denote by g the sub-Lie algebra generated by the e ’s over the˙Z a
integers, then we can define the k-Lie algebra g m R by the following˙Z Z
formulas:
w x w xr x m a s x m ra and x m a, y m b s x , y m ab, .
 .where x, y g g , a, b g R, and r g k. We write x a s x m a.˙
 .Let eu g; R, y, m be the subalgebra of g m R generated by the˙ ˙Z Z
a .  .  .elements e a y m e a , a g D, a g R, where m s m , . . . , m is ana ya 1 l
n-tuple of units in k=, and ma s mn1 ??? mnl if a s n a q ??? qn a .1 l 1 1 l l
 .If a " b / 0, then by using the Chevalley basis and 3.1 ,
a be a y m e a , e b y m e b .  .  .  .a ya b yb
bw x w xs e , e ab y m e , e ab .  .a b a yb
a aqbw x w xy m e , e ab q m e , e ab .  .ya b ya yb
aqbs N e ab y m e ab .  . /a , b aqb yayb
b aybq N m e ab y m e ab . 3.3 .  .  . /ya , b ayb yaqb
 .Also, it is easy to see that eu g; R, y, m has a vector space decomposi-˙
tion
eu g ; R , y, m s j [ [ j , 3.4 .  .˙ 0 a
qagD
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where
aj s e a y m e a a g R , 4 .  .a a ya
for a g Dq, Dq is the set of positive roots, and j is the subalgebra which0
is spanned by the elements
a yae a y m e a , e b y m e b s h ab y ab , 3.5 .  .  .  .  .  .a ya ya a a
for a, b g R.
 .For l G 2, stu g; R, y, m is defined to be the Lie algebra over k˙
 .generated by the symbols u a , a g D, a g R, subject to the relations:a
au a s u ym a , 3.6 .  . .a ya
a ¬ u a is a k-linear map, 3.7 .  .a
bu a , u b s N u ab q N m u ab , 3.8 .  .  .  .  .a b a , b aqb ya , b ayb
for a " b / 0, a , b g D, a, b g R.
By analogy with the unitary case in Section 2 we call this the Steinberg
 .unitary Lie algebra of g , R, y, m .˙
 .  .If all m s 1, we write eu g; R, y instead of eu g; R, y, m , and˙ ˙i
 .  .stu g; R, y instead of stu g; R, y, m .˙ ˙
 . w  .  .xNow let H a, b s u a , u b , then we havea a ya
w  .  .x  .  . .LEMMA 3.9. H a, b , u c s b h u ab y ab c .a b a b
 .  .Proof. We first prove this for the case b / "a . By 3.1 , 3.8 , and the
Jacobi identity,
H a, b , u c .  .a b
s u a , u b , u c .  .  .a ya b
s u a , u b , u c y u b , u a , u c .  .  .  .  .  .a ya b ya a b
bs u a , N u bc q N m u bc .  .  .a ya , b yaqb a , b yayb
by u b , N u ac q N m u ac .  .  .ya a , b aqb ya , b ayb
yaqbs N N u abc q N m u abc .  . /ya , b a , yaqb b ya , yaqb 2 ayb
b yaybq N m N u abc q N m u abc .  . /a , b a , yayb yb ya , yayb 2 aqb
aqby N N u abc q N m u abc .  . .a , b ya , aqb b a , aqb y2 ayb
b ayby N m N u abc q N m u abc .  . .ya , b ya , ayb yb a , ayb y2 aqb
s N N y N N u abc . .ya , b a , yaqb a , b ya , aqb b
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bq N N y N N m u abc . .a , b a , yayb ya , b ya , ayb yb
yaqbq N N m u abc .ya , b ya , yaqb 2 ayb
ay N N m u abc .ya , b a , ayb y2 aqb
yaq N N m u abc .a , b ya , yayb 2 aqb
aqby N N m u abc .a , b a , aqb y2 ayb
s yN N y N N u abc . .a , b yaqb , a b , a aqb , ya b
bq yN N y N N m u abc . .b , a aqb , ya ya , b yaqb , a yb
yaqbq N N m u abc .ya , b ya , yaqb 2 ayb
2 aybqm u abc . /y2 aqb
yaq N N m u abc .a , b ya , yayb 2 aqb
2 aqbqm u abc . 3.10 .  ./y2 ayb
 .  .By 3.2 and 3.6 , the above becomes
bb h u abc q b h m u abc .  .  .  .a b a yb
bs b h u abc y b h u ym abc .  .  .  .a b a yb
s b h u abc y b h u abc .  .  .  .a b a b
s b h u ab y ab c . .  . .a b
Now we show
H a, b , u c s a h u ab y ab c . 3.11 .  .  .  .  . .a a a a
Since l G 2, there exist b , g g D such that a s b q g , then a / " b y
.  .g , a / "b , and a / "g . From 3.8 we have
gN u c s u c , u 1 y N m u c . 3.12 .  .  .  .  .b , g bqg b g yb , g byg
 .  .Multiplying by H a, b on the both sides of 3.12 , we geta
N H a, b , u c .  .b , g a bqg
gs H a, b , u c , u 1 y N m H a, b , u c .  .  .  .  .a b g yb , g a byg
s H a, b , u c , u 1 q u c , H a, b , u 1 .  .  .  .  .  .a b g b a g
gy N m H a, b , u c . 3.13 .  .  .yb , g a byg
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 .By 3.10 , the above becomes
b h u ab y ab c , u 1 q u c , g h u ab y ab .  .  .  .  .  . .a b g b a g
gyN m b y g h u ab y ab c .  .  . .yb , g a byg
gs b h N u ab y ab c q N m u ab y ab c .  .  . .  . /a b , g bqg yb , g byg
gq g h N u c ab y ab q N m u cab y ab .  . .  . /a b , g bqg yb , g byg
gy N m b y g h u ab y ab c .  .  . .yb , g a byg
s b q g h N u ab y ab c .  .  . .a b , g bqg
s N a h u ab y ab c . .  . .b , g a a
 .  .Since N / 0, 3.13 yields 3.11 .b , g
Clearly, we have a surjective homomorphism
f : stu g ; R , y, m ª eu g ; R , y, m , .  .˙ ˙
a  ..  .  .given by f u a s e a y m e a .a a ya
w  .  .xqPROPOSITION 3.14. Let H [  u R , u R . Then H is a subal-a g D a a
 . w  .x  .gebra of stu g; R, y, m with H , u R : u R . Moreo¨er,˙ a a
stu g ; R , y, m s H [ [ u R .  .˙  a
qagD
 .and ker f is contained in the center of stu g; R, y, m .˙
w  .x  .Proof. Using Lemma 3.9, it is clear that H , u R : u R , and bya a
w xthe Jacobi identity H , H : H. It follows that H is a subalgebra; so is
 .  .qH q  u R . We therefore have s t u g ; R, y, m s H q˙a g D a
 .q u R . Using f, one can see that the above sum is direct. Further-a g D a
 .  .more, f maps u R ª j in a one-to-one manner, and f H s j .a a 0
 .  .qIf x s x q  x , f x s 0, where x g H , x g u R , then0 a g D a 0 a a
 .  .  .qf x q  f x s 0, which yields f x s 0 and so x s 0. It fol-0 a g D a a a
w  .x. w  . xlows that x s x g H. Thus f x , u R s f x , j s 0 which shows0 0 a 0 a
w  .x  .  . qthat x , u R s 0. As stu g; R, y, m is generated by u R , a g D ,˙0 a a
 .we get that x lies in the center of stu g; R, y, m .˙0
As in Section 2, we further analyze the structure of H.
PROPOSITION 3.15. Let a , b g D, suppose a q b g D, then
 .  .  .  .i H a, b s yH b, a s yH b, a ,a ya a
 .  .  .  .ii N H ab, c s N H a, bc y N H b, ac ,a , b aqb b , yayb a a , yayb b
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 .  .  .iii H 1, c s H c, 1b b
 .  .iv H 1, c s 0, for c g R ,b q
for a, b, c g R.
 .Proof. By 3.8 , we have
bN u ab s u a , u b y N m u ab . 3.16 .  .  .  .  .a , b aqb a b ya , b ayb
 .  .Multiplying by u c on the both sides of 3.16 , we getyayb
N H ab, c .a , b aqb
bs u a , u b , u c y N m u ab , u c .  .  .  .  .a b yayb ya , b ayb yayb
s u a , u b , u c , 3.17 .  .  .  .a b yayb
as N s 0. Then, the above becomes" ayb ., yayb
u a , u b , u c y u b , u a , u c .  .  .  .  .  .a b yayb b a yayb
yaybs u a , N u bc q N m u bc .  .  .a b , yayb ya yb , yayb aq2 b
yayby u b , N u ac q N m u ac .  .  .b a , yayb yb ya , yayb 2 aqb
yaybs N H a, bc q N m u a , u bc .  .  .b , yayb a yb , yayb a aq2 b
yayby N H b , ac y N m u b , u bc .  .  .a , yayb b ya , yayb b 2 aqb
s N H a, bc y N H b , ac , .  .b , yayb a a , yayb b
 .as N s N s 0. So we get ii . Also," a , aq2 b " b , 2 aqb
H a, b s u a , u b s y u b , u a s yH b , a .  .  .  .  .  .a a ya ya a ya
a yaH a, b s ym u a , ym u b s yH b , a .  .  .  .a ya a a
 .which proves i .
 .Taking a s b s 1 in ii , we have
N H 1, c s N H 1, c y N H 1, c . 3.18 .  .  .  .a , b aqb b , yayb a a , yayb b
 .Taking b s c s 1 in ii , we get
N H a, 1 s N H a, 1 y N H 1, a . 3.19 .  .  .  .a , b aqb b , yayb a a , yayb b
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 .  .  .Letting a s c, and adding 3.18 and 3.19 together, by i , we obtain
N H 1, c q c s 0. .a , yayb b
As N / 0, we havea , yayb
H 1, c q c s 0, 3.20 .  .b
 .which yields iv . Meanwhile,
H 1, c s yH 1, c s H c, 1 , .  .  .b b b
 .which is iii .
a  .  .  .Next let h a, b s H a, b y H 1, ab , if a , b , a q b g D; then, bya a
 . .taking b s 1 in 3.15 ii , we have
N H a, c s N H a, c y N H 1, ac . 3.21 .  .  .  .a , b aqb b , yayb a a , yayb b
 . .Taking a s 1 in 3.15 ii , we get
N H b , c s N H 1, bc y N H b , c . 3.22 .  .  .  .a , b aqb b , yayb a a , yayb b
 .  .  .Letting b s a in 3.22 , and comparing 3.21 with 3.22 , we obtain
N H a, c y H 1, ac s yN H a, c y H 1, ac . .  .  .  . .  .b , yayb a a a , yayb b b
3.23 .
 . .Taking c s 1 in 3.15 ii gives us
N H ab, 1 s N H a, b y N H b , a . 3.24 .  .  .  .a , b aqb b , yayb a a , yayb b
 .Replacing a by ab in 3.19 gives us
N H ab, 1 s N H ab, 1 y N H 1, ab . 3.25 .  .  .  .a , b aqb b , yayb a a , yayb b
 .  .  . .By comparing 3.24 and 3.25 and by 3.15 iii we obtain
N H a, b y H 1, ab s N H b , a y H 1, ab . .  .  .  . .  .b , yayb a a a , yayb b b
3.26 .
 .  .From 3.23 and 3.26 , we have
N ha a, b s yN h b a, b , 3.27 .  .  .b , yayb a , yayb
N ha a, b s N h b b , a . 3.28 .  .  .b , yayb a , yayb
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Now we claim
PROPOSITION 3.29. If b g D, then for a, b, c g R, the following identities
hold:
 . b . b .i h a, b q h b, a s 0,
b b .  .  .ii h a, b y h a, b s 0,
 . b . b . b .iii h ab, c q h bc, a q h ca, b s 0,
 . b . b .iv h a, 1 s h 1, a s 0.
Proof. Since l G 2, we can choose a g D, such that a q b g D. From
 .  .3.27 and 3.28 , it is easy to see that
N h b a, b q h b b , a s 0. .  . .a , yayb
 .  .  .This implies i as N / 0. Proposition 3.15 iii now implies iv . Parta , yayb
 .ii is proven as follows:
bh a, b s H a, b y H 1, ab s yH b , a q H ab, 1 .  .  .  .  .b b b b
s y H b , a y H 1, ab s yh b b , a s h b a, b . .  .  .  . .b b
 .  .To prove iii , we replace a by ab in 3.21 , which yields
N H ab, c s N H ab, c y N H 1, abc . 3.30 .  .  .  .a , b aqb b , yayb a a , yayb b
 .  . .Combining 3.30 with 3.15 ii , we get
N H ab, c y N H 1, abc .  .b , yayb a a , yayb b
s N H a, bc y N H b , ac , .  .b , yayb a a , yayb b
which implies
N ha ab, c q H 1, abc y N H 1, abc .  .  . .b , yayb a a , yayb b
s N ha a, bc q H 1, abc y N H b , ac . .  .  . .b , yayb a a , yayb b
Thus
N ha ab, c y N ha a, bc q N h b b , ac s 0. .  .  .b , yayb b , yayb a , yayb
 .Using 3.27 , the above becomes
yN h b ab, c q N h b a, bc q N h b b , ac s 0, .  .  .a , yayb a , yayb a , yayb
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which shows that
yh b ab, c q h b a, bc q h b b , ac s 0, .  .  .
 .as N / 0. So we have proved iii .a , yayb
 . a  .Note that H a, b is k-bilinear, and so is h a, b .a
PROPOSITION 3.31. E¨ery element x g H can be written as
l
a1x s h a , b q H 1, c .  . i i a jj
i js1
where a , b g R, c g R .i i j y
 . .  .Proof. From 3.15 ii and induction, one can show that H a, b is aa
 X X. X Xlinear combination of elements of the form H a , b , 1 F i F l, a , b g R.a i
Also,
H a, b s ha i a, b q H 1, ab . .  .  .a ai i
 . a i . a j .From 3.27 , we know that h a, b , h a, b are linearly dependent if
a q a is a root. So every element x g H can be written asi j
l
a1x s h a , b q H 1, c . .  . i i a jj
i js1
 .  . .But H 1, c s 0 when c g R by 3.15 iv , as desired.a q
It is easy to see that
f H a, b s h ab y ab , 3.32 .  .  . .a a1 1
and then
f ha1 a, b s 0. 3.33 .  . .
 a1 . < 4PROPOSITION 3.34. ker f s  h a , b a , b g R .i i i i i
 .  .Proof. Since 3.14 says that ker f : H , by 3.31 , we have for
l
a1x s h a , b q H 1, c g ker f . .  . i i a jj
i js1
l .  .  .  .Now, f x s 0 implies  h c y c s 0 by 3.32 and 3.33 . It followsjs1 a j jj
l  . a1 .that 2 h c s 0 and c s 0 for 1 F j F l. Therefore x s  h a , bjs1 a j j i i ij
as needed.
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Now we can obtain a result similar to Theorem 2.33.
 .THEOREM 3.35. ker f ( HD R .y1 1
 .  .Proof. Note that HD R s D R rIm d as R is commutative.y1 1 y1 1 2
 .  . a1 .Define h: HD R ª ker f by h a m b s h a, b . h is well-definedy1 1
 .  .  .because of 1.9 , 3.29 , and 3.34 . Moreover, h is surjective. To get the
injectivity, we first define a 2-cocycle f on g m R˙
f : g m R = g m R ª HD R , .  .  .˙ ˙ y1 1
by
f x a , y b s k x , y a m b , .  .  . .
where k is the Killing form of g , x, y g g , a, b g R. It is not hard to˙ ˙
check that
f x a , y b q f y b , x a s 0, .  .  .  . .  .
f x a , y b , z c q f y b , z c , x a .  .  .  .  .  . .  .
q f z c , x a , y b .  .  . .
s 0,
for x, y, z g g , a, b, c g R. Then we restrict f to the subalgebra˙
 .  .eu g; R, y, m , so this gives a 2-cocycle on eu g; R, y, m .˙ ˙
 .  .We can form the Lie algebra L s eu g; R, y, m [ HD R with˙ y1 1
multiplication
w xx , c , x , c s x , x , f x , x , .  .  . .1 1 2 2 1 2 1 2
 .  .where x , x g eu g; R, y, m , c , c g HD R .˙1 2 1 2 y1 1
If a " b / 0, then
a bf e a y m e a , e b y m e b .  .  .  . /a ya b yb
b as k e , e a m b y m k e , e a m b y m k e , e a m b .  .  .a b a yb ya b
aqbq m k e , e a m b .ya b
s 0.
a  .  . .  .  .So e a y m e a , 0 satisfy the relations 3.6 ] 3.8 . By the universala ya
 .  .property of stu g , R, y, m , there is a unique Lie algebra homomor-˙
phism
r : stu g ; R , y, m ª L .˙
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a  ..   .  . .such that r u a s e a y m e a , 0 . Thus,a a ya
y1f e a y m e a , e b y m e b .  .  .  . a 1 ya ya 1 a1 1 1 1
s k e , e a m b q k e , e a m b .  .a ya ya a1 1 1 1
s 2k e , e a m b , .a ya1 1
 .  .  .as k e , e s k e , e and a m b s a m b in HD R . It followsa ya ya a y1 11 1 1 1
that
r ha1 a, b s 0, 2k e , e a m b , .  . .  .a ya1 1
which implies
r h c s 0, 2k e , e c , .  . .  .a ya1 1
 .for all c g HD R .y1 1
 .Since k e , e / 0, h is injective.a ya1 1
Remark 3.36. ker f is independent of the choices of m and g.˙
Remark 3.37. If g gy1 s m , for 1 F i F l, and R is commutative, theni iq1 i
 .  .  .one can check that eu R, y, g s eu g; R, y, m and stu R, y, g˙lq1 lq1
 .  .s stu g; R, y, m where g is of type A , g s g , . . . , g , and m s˙ ˙ l 1 lq1
 .m , . . . , m .1 l
 .  .For l G 2, we know that f: stu g; R, y, m ª eu g; R, y, m is a˙ ˙
central extension. We now investigate if these Lie algebras are perfect.
Actually, we have
 .PROPOSITION 3.38. If g is not of type C , l G 1 C s A , C s B , then˙ l 1 1 2 2
 .  .eu g; R, y, m is perfect. So is stu g; R, y, m .˙ ˙
 .  .Proof. From 3.3 and 3.8 , we see that if for every root g g D, there
 .exist a , b g D such that g s a q b so N / 0 and N s 0, thena , b ya , b
 .  .eu g; R, y, m is perfect. So is stu g; R, y, m .˙ ˙
Equivalently, we need show that for every root g g D, there exist
a , b g D such that g s a q b , but a y b f D. It is enough to prove for
 .one root g of each length by conjugacy under Weyl group . If g is a short
root then we can thus assume that there exists d g D so that the d-string
 .  .through g is g , g q d . But then g s g q d q yd . So assume that g is
not short, then we may assume that g g P and the Dynkin diagram looks
like
2 36 6( y ( ( or ( ( .
« g d g d
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 .  .In the first case, g s « q 2g q 2d q y« y g y 2d , and in the second
 .  .case g s 2g q 3d q yg y 2d as desired.
 4Note that for C , D s "2« , " « " « : 1 F i / j F l , l G 1, 2« can-l i i j i
not be written as 2« s a q b , a , b g D, and a y b f D. However, onei
 .can figure out when eu g; R, y, m is perfect for g of type C . To do this,˙ ˙ l
we first prove the following result.
LEMMA 3.39. For C with l G 3, if i, j, k are distinct, thenl
N N N« q« , « y« « q« , « y« « q« , « y«i j i j j k j k k i k i s 1.
N N N« q« , « y« « q« , « y« « q« , « y«i j j i j k k j k i i k
Proof. By the uniqueness of the Chevalley basis see Section 25.3 in
w x.  X 4H , one knows that for any other choice of N , there exists a functiona , b
h: D ª k which satisfies
i h a h ya s 1, for a g D , .  .  .
ii h a h b s "h a q b , for a , b , a q b g D , .  .  .  .
such that
N h a h b .  .a , bXN s .a , b h a q b .
 .Therefore, by i , we have
N X N h 2« .« q« , « y« « q« , « y« ji j i j i j i j 2s h « y « . .X i jN N h 2« .« q« , « y« « q« , « y« ii j j i i j j i
It follows that
N X N X XN« q« , « y« « q« , « y« « q« , « y«i j i j j k j k k i k i
X X XN N N« q« , « y« « q« , « y« « q« , « y«i j j i j k k j k i i k
N N N« q« , « y« « q« , « y« « q« , « y«i j i j j k j k k i k is
N N N« q« , « y« « q« , « y« « q« , « y«i j j i j k k j k i i k
=
2
h « y « h « y « h « y « . .  .  . .i j j k k i
 .  .  .  .  .From ii , we see that h « y « h « y « s "h « y « . So, using ii j j k i k
gives us
h « y « h « y « h « y « s "1, .  .  .i j j k k i
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moreover,
N X N X XN« q« , « y« « q« , « y« « q« , « y«i j i j j k j k k i k i
X X XN N N« q« , « y« « q« , « y« « q« , « y«i j j i j k k j k i i k
N N N« q« , « y« « q« , « y« « q« , « y«i j i j j k j k k i k is .
N N N« q« , « y« « q« , « y« « q« , « y«i j j i j k k j k i i k
Now, by using matrix units, we may choose the standard Chevalley basis as
 w x w x.follows see Section 11.2.5 in C , or GG ,
e s e y e , for i / j,« y« i j yj , yii j
e s e q e , for i / j,« q« i , yj j , yii j
e s e q e , for i / j,y« y« yi , j yj , ii j
e s e ,2 « i , yii
e s e ,y2 « yi , ii
where we number the rows and columns 1, . . . , l, y1, . . . , yl. It is a routine
matter to check that N s N s y2, for yl F i / j F l.« q« , « y« « q« , « y«i j i j i j j i
Thus this completes the proof.
PROPOSITION 3.40. If g is of type C , l G 1, then˙ l
 .   ..i H eu g; R, y, m s RrRR ,˙1 y
 .   ..ii H stu g; R, y, m s RrRR , for l G 2,˙1 y
where RR is the ideal generated by R .y y
 .  .Proof. We only prove i , the proof for ii is similar. Recall that
 . w xH g ( gr g , g , and1
l
eu g ; R , y, m s j [ [ j [ [ j .˙  0 2 « « q«i i j
is1 1Fi-jFl
[ [ j . 3.41 . « y«i j
1Fi-jFl
It is easy to see that
j s j , j , j s j , j , 3.42 .« q« 2 « « y« « y« « q« 2 «i j i j i i j i j i
l
j s j , j q j , j q j , j .  0 2 « 2 « « q« « q« « y« « y«i i i j i j i j i j
is1 1Fi-jFl 1Fi-jFl
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We first claim that
eu g ; R , y, m .˙
H eu g ; R , y, m ( . .˙1 eu g ; R , y, m , eu g ; R , y, m .  .˙ ˙
is spanned by
2 « 1e a y m e a q eu g ; R , y, m , eu g ; R , y, m .  .  .  .˙ ˙2 « y2 «1 1
for a g R, and moreover
2 « 1e ab y m e ab s 0 .  .2 « y2 «1 1
mod eu g ; R , y, m , eu g ; R , y, m , 3.43 .  .  . .˙ ˙
 .for a g R, b g R . In fact, by 3.42 , we see thaty
j , j , j : eu g ; R , y, m , eu g ; R , y, m , .  .˙ ˙0 « q« « y«i j i j
for 1 F i - j F l. Also,
« q« « y«i j i je a y m e a , e b y m e b .  .  .  .« q« y« y« « y« y« q«i j i j i j i j
2 « is N e ab y m e ab .  . /« q« , « y« 2 « y2 «i j i j i i
2 « jq N e ab y m e ab .  . /y« y« , « y« 2 « y2 «i j i j j j
2 « is N e ab y m e ab .  . /« q« , « y« 2 « y2 «i j i j i i
2 « jy N e ab y m e ab , .  . /« q« , « y« 2 « y2 «i j j i j j
hence
2 « iN e ab y m e ab .  . /« q« , « y« 2 « y2 «i j i j i i
2 « js N e ab y m e ab .  . /« q« , « y« 2 « y2 «i j j i j j
mod eu g ; R , y, m , eu g ; R , y, m . .  . .˙ ˙
  ..It follows that H eu g; R, y, m is spanned by˙1
2 « 1e a y m e a q eu g ; R , y, m , eu g ; R , y, m .  .  .  .˙ ˙2 « y2 «1 1
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 .  .for a g R. By 3.5 , h b y b g j and2 « 01
2 « 1h b y b , e a y m e a .  .  .2 « 2 « y2 «1 1 1
2 « 1s 2 e b y b a y m e b y b a . .  . .  . /2 « y2 «1 1
 .  < 4So 3.43 holds as R s b y b b g R .y
  ..Now we define a map f : R ª H eu g; R, y, m by˙1
2 « 1f a s e a y m e a q eu g ; R , y, m , eu g ; R , y, m . .  .  .  .  .˙ ˙2 « y2 «1 1
 .Using 3.43 , we see that f induces a map from RrRR ontoy
  ..H eu g; R, y, m , we still denote it by f , so we have˙1
R
f : ª H eu g ; R , y, m . . .˙1RRy
Next we show f is one to one.
Define a linear mapping
R
g : eu g ; R , y, m ª .˙
RRy
by
g j s g j s g j s 0 , .  . .  .0 « q« « y«i j i j
for 1 F i - j F l, and
2 « 1g e a y m e a s a q RR , .  . .2 « y2 « y1 1
N« q« , « y«1 i 1 i2 « ig e a y m e a s a q RR , for 2 F i F l. .  . .2 « y2 « yi i N« q« , « y«1 i i 1
w  .  .x.  .We now claim g eu g; R, y, m , eu g; R, y, m s 0 . It is enough to˙ ˙
w x.  .show that g j , j s 0 .« q« « y«i j i j
We assume that l G 3. For 2 F i F l, we have
« q« « y«1 i 1 ig e a y m e a , e b y m e b .  .  .  . /« q« y« y« « y« y« q«1 i 1 i 1 i 1 i
2 « 1s g N e ab y m e ab .  . / « q« , « y« 2 « y2 «1 i 1 i 1 1
2 « iyN e ab y m e ab .  . / /« q« , « y« 2 « y2 «1 i i 1 i i
s N ab y N ab q RR .  .« q« , « y« « q« , « y« y1 i 1 i 1 i 1 i
s N a b y b q RR .« q« , « y« y1 i 1 i
s 0.
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For 2 F i / j F l, we have
« q« « y«i j i jg e a y m e a , e b y m e b .  .  .  . /« q« y« y« « y« y« q«i j i j i j i j
2 « is g N e ab y m e ab .  . /« q« , « y« 2 « y2 « i j i j i i
2 « jyN e ab y m e ab .  . /« q« , « y« 2 « y2 « /i j j i j j
NN « q« , « y«« q« , « y« 1 j 1 j1 i 1 is N ab y N ab q RR .  .« q« , « y« « q« , « y« yi j i j i j j iN N« q« , « y« « q« , « y«1 i i 1 1 j j 1
N« q« , « y«1 i 1 is N a b y b q RR .« q« , « y« yi j i j N« q« , « y«1 i i 1
s 0,
as
NN « q« , « y«« q« , « y« 1 j 1 j1 i 1 iN s N ,« q« , « y« « q« , « y«i j i j i j j iN N« q« , « y« « q« , « y«1 i i 1 1 j j 1
w  .  .x.  .by Lemma 3.39. It follows that g eu g; R, y, m , eu g; R, y, m s 0 ,˙ ˙
  ..so g induces a map from H eu g; R, y, m to RrRR . Clearly, g ( f is˙1 y
the identity map which implies that f is injective.
The case l s 1 is obvious, and the case l s 2 is similar to the above.
Since R is commutative, one has R ) R s RR . Moreover, we havey y
 .COROLLARY 3.44. If g is of type C , l G 1, then eu g; R, y, m is perfect˙ ˙l
if and only if Assumption 2.46 holds.
One can write Proposition 3.38 and Proposition 3.40 as follows.
¡0, if g is not of type C l G 1 , .˙ l~ RH eu g ; R , y, m s . .˙1 , if g is of type C l G 1 . .˙ l¢RRy
 .Note that if R satisfies Assumption 2.45, then eu g; R, y, m and˙
 .stu g; R, y, m are perfect for all g. Furthermore, we will see that˙ ˙
 .  .stu g; R, y, m is the universal central extension of eu g; R, y, m , for˙ ˙
l G 2.
 .THEOREM 3.45. If R satisfies Assumption 2.45, then stu g; R, y, m is˙
 .the uni¨ ersal co¨ering algebra of eu g; R, y, m , for l G 2.˙
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 .Proof. It is sufficient to show stu g; R, y, m is centrally closed.˙
Suppose that the following is a central extension,
p 60 ª V ª L stu g ; R , y, m ª 0. .˙
 .  .Let u a be the preimage of u a in L under p chosen as follows. It˜a a
 . q  4suffices to choose u a for a g D and a g r as in the proof of˜a l lg L
Theorem 2.37, and then extend our choices to all a g R and a g Dq by
 .linearity and 3.6 .
˜  . w  .  .xLet H a, b s u a , u b . Recall that e is fixed in Assumption˜ ˜a a ya
 .2.45, then by 3.11 , we have
y1H˜ 1, e , u e a s 4u a q ¨ a , .  .  .  .˜ ˜a a a a
 .  .  .  . qfor some ¨ a g V. Replacing u a by u a q ¨ a r4, for a g D ,˜ ˜a a a a
 .  . q  .then using 3.6 we get u a for a g yD . So similarly to 2.53 , we get˜a
for a g R,
y1H˜ 1, e , u e a s 4u a . 3.46 .  .  .  .˜ ˜a a a
 .As in 2.52 , one can easily check that for a , b g D,
H 1, e , H 1, e s 0. 3.47 .  .  .a b
 .  .Indeed, by the Jacobi identity, Lemma 3.9, 3.6 , and Proposition 3.15 iv ,
we have
H 1, e , H 1, e .  .a b
s H 1, e , u 1 , u e .  .  .a b yb
s H 1, e , u 1 , u e q u 1 , H 1, e , u e .  .  .  .  .  .a b yb b a yb
2s b h u 2 e , u e q u 1 , yb h u 2 e .  .  .  .  .  .a b yb b a yb
yb 2s 2b h u e , ym u e y b h H 1, 2 e .  .  .  .  .a b b a b
s 0.
˜  .  .Multiplying by H 1, e on both sides of 3.46 , we obtainb
y1˜ ˜ ˜H 1, e , H 1, e , u e a s 4 H 1, e , u a . .  .  .  .  .˜ ˜b a a b a
 .  .By 3.9 and 3.46 , the left-hand side is
y1 y1˜ ˜ ˜ ˜H 1, e , H 1, e , u e a q H 1, e , H 1, e , u e a .  .  .  .  .  .˜ ˜b a a a b a
˜s H 1, e , a h u 2 a s 8a h u ea .  .  .˜ ˜ .  .a b a b a
STEINBERG UNITARY LIE ALGEBRAS 301
˜ ˜w  .  .x  .as H 1, e , H 1, e g V from 3.47 . So we haveb a
H˜ 1, e , u a s 2a h u ea . 3.48 .  .  .  .˜ ˜ .b a b a
If a " b / 0, a , b g D, it is clear that
bu a , u b s N u ab q N m u ab q ¨ , 3.49 .  .  .  .  .˜ ˜ ˜ ˜a b a , b aqb ya , b ayb
for some ¨ g V.
˜  .  .Multiplying by H 1, e on both sides of 3.49 and using the Jacobia
identity gives us
4 u ea , u b q 2b h u a , u eb .  .  .  .  .˜ ˜ ˜ ˜a b a a b
s 2 N a q b h u eab .  .  .˜a , b a aqb
bq 2 N m a y b h u eab . .  .  .˜ya , b a ayb
Consequently,
b4 u ea , u b y N u eab y N m u eab .  .  .  .˜ ˜ ˜ ˜ /a b a , b aqb ya , b ayb
q 2b h u a , u eb y N u aeb .  .  .  .˜ ˜ ˜a a b a , b aqb
byN m u aeb s 0. 3.50 . .˜ /ya , b ayb
˜  .  .Similarly, by multiplying by H 1, e on both sides of 3.49 we obtainb
b2a h u ea , u b y N u eab y N m u eab .  .  .  .˜ ˜ ˜ ˜ .  /b a b a , b aqb ya , b ayb
b4 u a , u eb y N u aeb y N m u aeb s 0. .  .  .  .˜ ˜ ˜ ˜ /a b a , b aqb ya , b ayb
3.51 .
 .  .By combining 3.50 with 3.51 , we have a system of two linear equations
involving the two vectors
bu ea , u b y N u eab y N m u eab .  .  .  .˜ ˜ ˜ ˜a b a , b aqb ya , b ayb
and
bu a , u eb y N u aeb y N m u aeb . .  .  .  .˜ ˜ ˜ ˜a b a , b aqb ya , b ayb
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The determinant is equal to
42 y 2b h 2a h s 4 4 y b h a h . 3.52 .  .  . .  . .a b a b
 .  .Since a " b / 0, we get 4 y b h a h / 0 anda b
bu ea , u b s N u eab q N m u eab . .  .  .  .˜ ˜ ˜ ˜a b a , b aqb ya , b ayb
 .  .  .Therefore u a satisfy the relations 3.6 ] 3.8 as e is invertible. By the˜a
 .  .universal property of stu g; R, y, m , there exists a unique homomor-˙
phism
c : stu g ; R , y, m ª L .˙
  ..  .such that c u a s u a . Clearly, p (c s id which says the original˜a a
 .sequence splits and stu g , R, y, m is centrally closed.˙
Remark 3.53. If R is commutative, then R s R [ R is Z -graded,0 1 2
where R s R , R s R and Z s Zr2Z is the cyclic group of order 2.0 q 1 y 2
Also, it is easy to see that g has a Z grading g s g [ g where˙ ˙ ˙ ˙2 0 1
a ˙ a < 4  < 4g s span e y m e a g D and g s h [ span e q m e a g D .˙ ˙0 a ya 1 a ya
Then
eu g ; R , y, m s g m R [ g m R . .  .  .˙ ˙ ˙0 0 1 1
This kind of graded Lie algebra has been studied by Berman and Krylyuk
 w x. 1 U . 1 U .  .see BK . With some hypothesis, such as H g , g s H g , g s 0 ,˙ ˙ ˙ ˙0 0 0 1
g perfect, they proved that the second homology of the resulting Lie˙0
 1 .  w x.algebra is just V rdR see BK, Proposition 1.36 . In our case, this isR 0
 .exactly HD R . Unfortunately, those assumptions may fail for our case.y1 1
A trivial counterexample is the Lie algebra g of type C in which g is not˙ ˙l 0
perfect. We do have the Lie algebra g of type A , l G 2, which satisfies˙ l
those assumptions.
Let S be an associative commutative k-algebra with identity. Suppose
’ .  .that y1 has no square root in k. Define R s S m k y 1 s Sk
’ ’ ’[ y 1 S with involution a q y 1 bs a y y 1 b, then R is a k-alge-
y  .bra equipped with an involution . So eu g; R, y, m is a k-Lie algebra˙
generated by
a ae a y m e a s e y m e m a, .  .  .a ya a ya
a a’ ’ ’e y 1 a q m e y 1 a s y 1 e q m e m a, . .  .a ya a ya
 .for all a g S, a g D. Evidently, eu g; R, y, m s g m S where g is a˙ k
a a’  .k-Lie algebra generated by e y m e and y 1 e q m e . Froma ya a ya
Proposition 1.14, we have
 .  .COROLLARY 3.54. H g m S s HC S .2 1
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 wThe above result is also proved by Berman and Krylyuk see BK,
x.Proposition 2.1 in a different way.
Remark 3.55. For any associative commutative k-algebra with identity,
 .one can define st g; R to be the Lie algebra generated by the symbols˙
 .  .  w xX a , t a, b , a g D, a, b g R, subject to relations see Ka in which thea a
.defining relations are slightly different but give the same Lie algebra :
a ¬ X a is a k-linear map, .a
X a , X b s N X ab , if a q b / 0, .  .  .a b a , b aqb
t a, b s X a , X b , .  .  .a a ya
t a, b , X c s b h X abc , .  .  .  .a b a b
 .for a , b g D, a, b, c g R. One can prove that st g; R is the universal˙
 .  .central extension of g m R by mapping X a to e m a and t a, b to˙ a a a
 .h a, b .a
 .  op .  .As in 2.34 and 2.44, taking R, y s S [ S , ex one has eu g , R, y˙
 .  .  .  .( g m S, stu g; R, y ( st g; S and so H g m S ( HD R˙ ˙ ˙ ˙Z Z 2 Z Z y1 1
 . w x w x( HC S . We thus obtain some results from Ka and BK as special1
cases of Theorem 3.35 and 3.45.
COROLLARY 3.56. Let S be an associati¨ e commutati¨ e k-algebra with
 .identity, then p : st g; S ª g m S is the uni¨ ersal central extension and˙ ˙Z Z
 .  .H g m S, k ( HC S .˙2 Z Z 1
Problem 3.57. Since for simply laced root systems, at most one of
 .a q b , a y b is a root if a , b are roots, it follows that in 3.8 only one
term appears on the right-hand side. So it is reasonable to conjecture that
 .stu g: R, y, m is centrally closed if g is of type A , l G 4, D , l G 4,˙ ˙ l l
 .E , E , E , even if Assumption 2.45 does not hold. Actually, we have6 7 8
 .proved this in the case of A , l G 4 see Theorem 2.37 .l
Remark 3.58. From the proof we only used Ny1 g k when a q b g D,a , b
 .  .the determinant in 3.52 , and k e , e invertible. But the Killing forma ya1 1
can be replaced by any invariant form. One can easily get more general
results.
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